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Abstract 

 In many instances, an autonomous vehicle has a 
trailer attached to it.  The trailer readily follows the 
vehicle’s path of motion while it moves forward.  
However, when the vehicle reverses, for example to 
correct its path or to get out of a tight corner, the 
trailer has a tendency to jack-knife. 

 This paper deals with two approaches to solve 
this problem, neither of which requires any 
modification to the vehicle steering control itself.  
The first approach deals with a mechanical coupling 
between the vehicle and the trailer.  The mechanical 
coupling will forcefully rotate the trailer relative to 
the vehicle so that the instant center of rotation of the 
vehicle with respect to ground and the trailer with 
respect to ground are at the same point, thus ensuring 
stability.  The second approach deals with actually 
moving the point that couples the trailer to the 
vehicle.  Depending on the instant center of the 
vehicle with respect to ground, changes are made in 
the position of the coupling point to modify the 
instant center of the trailer with respect to ground in 
such a manner as to maintain stability during 
backing. 

 

Introduction 

 In the past, most work has been done on 
stabilizing trailers during their forward motion for 
different speeds [1].  However no work had been 
done in trying to build an autonomous system that 
can aide backing up with a trailer.  

 Such a system is of particular interest for an 
autonomous vehicle. Most autonomous vehicles carry 
their surveillance equipment in a trailer and so the 
path that the trailer follows is very important. Besides 

this, sometimes the vehicle may find itself in a tight 
corner or some situation in which it may need to back 
up a particular distance, causing it to jackknife. 

 

 
Figure 1: Center of rotation 

 

 Figure 1 shows the center of rotation of the 
trailer of a four-wheeled vehicle relative to the 
vehicle. The angle of the trailer is represented by θ. 

 Consider the forward straight motion of this 
four-wheeled vehicle. It can be assumed to be turning 
about an imaginary point at infinity called the instant 
center of rotation with an infinite radius. As the 
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steering angle changes, this instant center moves 
closer to the vehicle (see Figure 2) and reaches a 
minimum distance equal to the designed minimum 
turning radius of the vehicle.  

 

 
Figure 2: Instant center of rotation 

 

 The instant center is defined as the point at 
which the perpendiculars from all the wheels meet. 
As long as these lines meet at only one point the 
system is stable.  Vehicle manufacturers make sure 
these lines meet at the designated point when turning.  
Because of this, the analysis to calculate the instant 
center of the vehicle  will be performed considering 
only the wheels on one side of the vehicle. 

 

Approach 

 When a trailer is attached to the system, stability 
when traveling forward or in reverse should be 
ensured if the instant center of rotation of the vehicle 
relative to ground and the trailer relative to ground 
are at the same point. 

 

 

 
Figure 3: Co-Located Instant Centers 

 

  This paper aims to look for alternative methods 
for coupling between the vehicle and the trailer to 
ensure that the instant center of rotation with respect 
to ground is always the same for the vehicle as well 
as the trailer system.   

 The trailer angle corresponding to different 
steering angles can be calculated by many methods.  
The first approach involved a Simulink model of a 

simplified system while the second method involved 
calculating the instant center of the vehicle and then 
finding the angle of the trailer that would align its 
axle with the instant center of rotation of the vehicle.  
The system is modeled as shown in Figure 4. 

  

 
Figure 4: Vehicle and Trailer Model 

 Given the location of the instant center of 
rotation of the vehicle with respect to ground and the 
mechanism parameters ‘d’ and ‘l’, the objective is to 
find values for the angle θ that will cause the line 
through the axle of the trailer to intersect the instant 
center point.  Two solutions for θ exist for this 
system.  These solutions are shown in Figures 5a and 
5b. 

 

 
Figure 5a: Solution 1 

 

 
Figure 5b: Solution 2 

The Simulink Model 

 For the Simulink model the values of the various 
parameters was set as follows: 

• Distance between the front and rear axels = 
2 m, 

• Width of the vehicle = 1.5 m, 
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• Distance of hinge from the rear axle = 0.8 
m, 

• Length of the trailer = 3.2 m. 

 

 
Figure 6: Simulink model of the trailer backing 

system 

 

 
Figure 7: Subsystem to calculate the distance of the 

instant center from the center of the rear axle 

 
Figure 8: Subsystem to calculate the two solutions to 

the trailer angle from the distance of the instant 
center 

 

 Figures 6 through 8 show the Simulink model 
that was used to calculate the location of the instant 
center of the vehicle and the required rotation angle θ 
for the trailer in order for the instant centers of the 
vehicle and trailer to be coincident. 

 The input to the system is the vehicle steering 
angle that varies between 0° and 45°.  The output is 

the two possible solutions for θ.  The results were 
recorded on a Simulink scope.  Figure 9 shows the 
input steering angle varying linearly from 0° to 45°.  
Figure 10a and 10b show the two solutions sets for θ 
for the system.  An advantage of the Simulink 
approach is that these models can be incorporated 
with a dynamic model of the vehicle and its 
actuators. 

 

 
Figure 9: The steering angle varies between 0 to 45 

degrees through the simulation 

 

 
Figure 10a:  Solution 1 
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Figure 10b: Solution 2 

 

Analytical Method 

 The analytical method involves directly solving 
the system for the trailer angle θ as a function of the 
distance ‘a’, the distance of the vehicle instant center 
point from the center of the vehicle rear axle.  The 
distance of the instant center is calculated from the 
wheel angle (F), the width of the vehicle (w ) and the 
distance between the rear and front axles ( p ).  

 The distance of the instant center ( i ) from the 
rear wheel is given by 

 





 Φ−
π

=
2

tanpi  (1) 

where Φ is the steering angle.  The distance ‘a’ is 
then readily calculated as 

 i
2
wa +=  (2) 

 Figure 11 shows the trailer and vehicle polygon.  
The distances ‘x’ and ‘y’ can be written in terms of 
the trailer rotation angle θ as 

 
θ

=
cos

dx , (3) 

 y = d tan θ . (4) 

 

 
Figure 11: Trailer Polygon 

 
 From the outer triangle of Figure 11, it is 
apparent that 
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Substituting (3) and (4) into (5) gives 
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This equation relates the trailer angle, θ, to the instant 
center distance, a.  The left side of (6) will equal 
sinθ.  Making this substitution and multiplying both 
sides by (a+d tanθ) gives 

 
θ

+=θ+θ
cos

d)tanda(sin l  . (7) 

Multiplying throughout by cosθ gives 

 sinθ cosθ (a+d tanθ) = l cosθ + d . (8) 

Substituting tanθ = sinθ/cosθ and regrouping gives 

 a (sinθ cosθ) + d (sin2θ - 1)  - l cosθ = 0 . (9) 

Substituting (sin2θ-1) = -cos2θ and dividing 
throughout by cosθ gives 

 a sinθ - d cosθ - l = 0 . (10) 

Two values for θ will satisfy this equation for each 
given value of ‘a’.  One of these values will be 
physically realizable as is shown in Figure 5a. 

 

Results 

Method 1 

 In this method an actuator is connected to the 
link between the trailer and the vehicle and it forces 
the trailer to take the angle that will stabilize the 

instant center 
location

trailer hitch 
location

line through 
trailer axle
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system for the current steering angle.  This system 
prevents the vehicle from being able to change its 
steering angle when it is not in motion.  However this 
system is very stable provided the actuator on the link 
is strong enough to rotate the trailer about itself. 

Method II 

 This method is a more practical approach and is 
more independent of the trailer weight. 
 

 
Figure 12: The slider 

 
 This method involves having the hinge of the 
trailer slide along the back of the vehicle. As the 
hinge slides along the back it changes the angle of the 
trailer relative to the vehicle.  This method, coupled 
with a strong feedback system can force the trailer to 
follow the programmed path to a reasonable extent 
without jack–knifing. An auto tuning application can 
also be run in order to vary parameters such as trailer 
length and still get consistent results while backing.  
Current work is focused on implementing a prototype 
of this system to demonstrate system stabililty. 

 

Conclusions 

 This paper looks at a new method of stably 
backing up a trailer.  It involves modifying the 
connection mechanism between the vehicle and the 
trailer so that the instant center of the vehicle relative 
to ground and the trailer relative to ground are 
coincident.  If this relationship is maintained, the 
vehicle should be able to be driven in reverse along a 
path as if the trailer was non-existent.  Future work 
will focus on prototyping a scaled model of the 
system and developing a control system for each of 
the methods described above. 
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